Working Equation
The working equation of the vibrating wire viscometer-densimeter is given by
where V is the (complex) e.m.f. generated across the wire, Λ is an amplitude, f is the driving frequency, f0 is the hypothetical resonance frequency for the case in which the wire is in vacuum and the sinker is immersed in the fluid, Δ0 is the vacuum decrement, and a, b and c represent background contributions. In equation ( 
where ρ is the fluid density, ρw is the density of the wire material and Ω is a dimensionless parameter given by
Here, R is the wire radius, η is the fluid viscosity and K0 and K1 are Kelvin functions of order 0 and 1, respectively. The resonance frequency of the vibrating wire, fres, is obtained when the real part of the denominator in the first term of equation (1) vanishes, so that 2 / 1 0 res
The hypothetical resonance frequency f0 for the fundamental mode of oscillation is given in the physical model of Ciotta et al. 
where m and V are the mass and volume of the sinker, E is Young's modulus for the wire material, ρw is the density of the wire material, L is the length of the wire, g is the gravitational acceleration and A is an empirical constant with a value close to unity.
In practise, both A and Δ0 are determined by calibration under vacuum or else derived from measurements carried out in a gas at low pressure. The length of the wire and the mass and volume of the sinker were all measured quantities, while the density and Young's modulus of the wire were obtained from the literature. In the absolute mode of operation, the radius of the wire was also a directly measured quantity while, in relative mode, the wire radius was obtained by an additional calibration measurement with a fluid of known viscosity. Knowing these properties of the wire and the sinker, the experimental voltages are fitted by adjusting ρ, η, Λ and the background parameters so as to minimise an objective function based on the sum of the squared deviations of the measured voltages from equation (1) . The values of ρ and η so determined are then identified as the measured density and viscosity of the fluid.
We note that adjustment of ρ and η in the fitting process is equivalent to adjustment of fres and
Equations (2) to (5) serve to determine ρ and η from fres and Ωres and may be used as a basis for computing the uncertainties of ρ and η arising from the other quantities appearing in these equations.
Overall Uncertainty
The overall standard relative uncertainty of density is given by a sum of terms of the form
where zi (i = 1, 2, 3 ···) are the set of experimental quantities that serve to determine ρ. To find the differential coefficients
, other than those with respect to T and p, we first derive an analytical approximation to the working equation for ρ starting from equation (5) . This is in fact already a second-order analytical approximation comprising terms of rapidly diminishing magnitude. For the wire used in this work, the three terms make relative contributions to f0 of about 95 %, 4.5 % and 0.5 %, respectively. Additionally, we note that β is small compared with unity. In view of this, it is convenient and sufficient to consider a firstorder approximation for the resonance frequency as follows:
where kres = (ρw/ρ)βres, βres is the value of β evaluated at Ω = Ωres and
In this approximation, the resonance frequency when both the wire and the sinker are under vacuum is
so that if we define X such that
then the parameter A can be eliminated and the density is given by
The differential coefficients derived from equation (11), with equations (10) for X and (8) for f1, are given in Table S1 . Table S1 . Differential coefficients required for the analysis of the uncertainty of the density.
In a similar way, the overall standard relative uncertainty of the viscosity is given by a sum of terms of the form
where zi (i = 1, 2, 3 ···) are the set of experimental quantities that serve to determine η. To find the differential coefficients
, other than those involving T and p, we make use of equation (3) evaluated at f = fres and consider also the variation of Ωres with ρ, ρw and Δ0 at constant resonance bandwidth as determined by equations (1) and (2) . The necessary derivatives are given in Table S2 . 
Uncertainties of the Wire and Sinker Properties
We now consider the uncertainties arising from the properties of the wire and sinker. In this work, the wire radius R0 = R(T0, p0) at a reference temperature T0 = 293.15 K and a reference pressure p0 = 0.1 MPa was obtained by either measurement or calibration, while the wire length L0 = L(T0, p0) at the reference temperature and pressure was always obtained by measurement. The estimated standard uncertainty of R0 when directly measured is 0.1 μm, while the estimated uncertainty of L0 is 0.01 mm. Values of R and L at other temperatures and pressures were calculated from:
The density ρw,0 of the wire material at the reference temperature T0 and pressure p0 was taken to be 19251.3 kg·m -3 , with a standard uncertainty of 1.6 kg·m -3
, based on x-ray diffraction data from multiple laboratories as reported and analyzed by Parrish 2 . The density at other temperatures and pressures was calculated from
In equations (13) and (145), αw is the linear thermal expansion coefficient and βw is the isothermal compressibility of the wire, which were taken from the literature and assumed to be independent of T and p. The relative uncertainty of αw influences the relative uncertainty of ρ in proportion to the derivative ) ( ln 
and it influences the relative uncertainty of the viscosity through the derivative 
Young's modulus of the wire material was expressed as a function of temperature by means of the relation
where E0 = E(T0) and εw is a temperature coefficient determined from literature data. The relative uncertainty of εw influences ρ only through the following partial derivative:
The volume V0 of the sinker at the reference temperature T0 and pressure p0 was determined by hydrostatic weighing such that
where m is the true mass of the sinker, and Iair and Iwater are the apparent masses measured in air (of density ρair) and water (of density ρwater), respectively. From this equation, it follows that the standard relative uncertainty of V0 is 
where αs is the linear thermal expansion coefficient and βs is the isothermal compressibility of the sinker, which were taken from the literature and assumed to be independent of T and p. The uncertainty of the sinker volume is coupled to the uncertainty of density only and the relevant partial derivatives are
and
The values, source and uncertainties of the coefficients αw, αs, βw, βs and εw are detailed in Table S3 . The uncertainties were estimated based on the variability of the literature data. The value of E0 was adjusted, together with A, to best fit the measured vacuum resonance frequency of the wire but was found to be within the range of values determined in the literature. We ascribe to E0 a standard uncertainty of 10 GPa -1 based on differences between the fitted value and data from different literature sources. 5.0
Effects of Temperature and Pressure Uncertainties
To estimate the partial derivatives of lnη and lnρ required in equations (6) and (12), it is convenient to make use of correlating equations. When the viscosity is correlated by the TaitAndrade equation written in the form
where D and E are functions of T, the partial derivatives are given by
When the density is correlated by the Tait equation written in the form
where ρ0 and B are functions of T, the partial derivatives are given by 
In the present work, D, E, ρ0 and B are represented are quadratic polynomials in either temperature or inverse temperature from which the necessary derivatives are easily obtained.
For purposes of illustration, Tables S4 and S5 detail all known contributions to the standard relative uncertainties of the density and the viscosity at the median temperature and pressure of this study. For density, many terms contribute but the largest type-A terms is the uncertainty of the vacuum resonance frequency with an estimated standard uncertainty of 0.2 Hz. This estimate is based on a comparison of the calibration data with equation (5) over the full working temperature of the instrument. In the case of viscosity, there are several type-A uncertainties terms with roughly equal contribution. The uncertainty budgets also includes estimates of type-B relative uncertainties, of 0.06 % for density and 0.6 % for viscosity, which were estimated from the results obtained with the standard calibration fluid. 
